We provide a general formalism based on previous tunneling methods to treat the Hawking radiation phenomenon in arbitrary spacetimes. We show that Hawking radiation should be associated with general marginally trapped surfaces. Our approach naturally leads to an expression for the effective surface gravity of marginally trapped surfaces. The procedure is applicable to general astrophysical and cosmological dynamical situations. Some practical examples for known and new cases are provided.
Introduction
In 1975 Hawking showed [1] that black holes (BH) radiate a thermal spectrum of particles by deriving an exact expression for their entropy and temperature. This celebrated result was based on quantum field theory on a fixed curved stationary background (Schwarzschild's solution). In the same work Hawking used a heuristic picture in order to explain in physical terms the existence of radiation from stationary black holes. In this picture a pair of virtual particles is created and one of the members of the pair manages to tunnel through the event horizon. Then, the member of the pair with positive E -where E is the constant of motion of the particles associated to the static Killing vector, so that it corresponds to the energy as measured by static observers at infinity-is emitted from the black hole while the member with negative E falls into the black hole. This possibility is based on the fact that for stationary black holes the event horizon is a Killing horizon so that a Killing vector becomes null at the event horizon, changing its causal character from timelike to spacelike across it. This allows for the existence of negative E states in the black hole interior.
On realistic grounds, one expects stationary black holes to be very rare in the Universe. Actual black holes are subject to dynamical processes such as their formation, the accretion of matter/energy and their own back-reaction to the emission of Hawking radiation. Moreover, due to quantum gravity effects the event horizon could either not exist or be a meaningless concept [2] [3], see [4] -and references therein-for a recent discussion. The questions that arise are then whether there is Hawking radiation when there could not even be an event horizon and, if so, which is the correct tunneling horizon associated with the phenomenon.
Herein, we investigate if the answer to these questions could come from the heuristic tunneling picture suggested by Hawking. Indeed, some semiclassical methods have been proposed in recent years in order to effectively compute Hawking radiation in agreement with the picture, most remarkably the so called Hamilton-Jacobi method [5] and the null geodesic method [6] . The mere existence of these methods indicates that the tunneling could be more than just a heuristic picture. In fact, it has been recently shown that the tunneling approach can be justified from the point of view of proper Quantum Field Theory in curved spacetime if one assumes the local existence of a Killing horizon [7] .
While originally developed in order to shed some light on Hawking radiation from stationary black holes, the tunneling methods have been recently modified in such a way that some dynamical situations can be treated (see, for example, the review [8] ). In particular, by working with dynamical spherically symmetric spacetimes and using their Kodama vector field [9] to replace the nonexistent Killing vector, it has been possible to associate Hawking radiation with the existence of the apparent 3-horizon, i.e. the spherically symmetric marginally trapped tube (which is the unique spherically symmetric hypersurface foliated by marginally trapped surfaces [10] , actually round spheres) in accordance with the old proposal in [2] , as well as to provide some properties of that radiation.
Our aim in this paper is to analyze the possibility of Hawking radiation for general spacetimes. We argue that the radiation exists associated with generic marginally trapped surfaces whenever they separate, locally, trapped from untrapped surfaces. This "boundary" property is related to the important concept of (local) outermost stability [11, 12] of marginally trapped surfaces. As an important remark, notice that there can be many differ-ent marginally trapped surfaces in a spacetime and the marginally trapped tubes that they form interweave each other in very complicated ways [13, 10] . We will argue that Hawking radiation is associated with all of them. As an extreme example in spherically symmetric spacetimes, non-spherically symmetric marginally trapped surfaces with points beyond the apparent 3-horizon, and even reaching flat portions of the space-time, exist [14] and we argue that they have associated Hawking radiation. Whether or not the radiation ends up reaching future asymptotic regions is quite another matter, though, that depends on the non-local structure of the space-time. Many other interesting implications follow from the idea that Hawking radiation is based on tunneling through (separating) marginally trapped surfaces.
The plan of the paper is as follows. Section 2 is devoted to the geometrical preliminaries used in order to describe general surfaces and some of their properties. Section 3 first describes the usual Hamilton-Jacobi method used to analyze Hawking radiation as due to the tunneling of null particles through a horizon. Then, the method is generalized to arbitrary spacetimes containing marginally trapped surfaces in subsection 3.1. Some practical examples are worked out in section 4. Finally, our results are discussed in section 5.
Geometrical Preliminaries
Let (V, g) be a 4-dimensional causally orientable spacetime with metric signature {−, +, +, +} and with local coordinates {x α }. Let S denote a connected 2-dimensional surface with local intrinsic coordinates {λ A } imbedded in V by the C 3 parametric equations
The tangent vectors e A of S are locally given by
We are interested in spacelike surfaces S in which case γ AB is positive definite. The two linearly independent null future-directed one-forms normal to S are denoted by l
and, without loss of generality, we choose them to satisfy the convenient normalization condition l
The covariant derivatives on (V, g) and on (S, γ) are related through [15] [16]
where Γ C AB are the coefficients of the Levi-Civita connection ∇ of γ (so that ∇γ = 0) and K µ AB is the shape tensor (also called second fundamental form vector or extrinsic curvature vector) of S in (V, g). The shape tensor is normal to S and thus it can decomposed as
where K ± AB are called the two null (future) second fundamental forms of S in (V, g) given by
The mean curvature vector of S in (V, g) [15] [16] is the trace of the shape tensor
where γ AB is the contravariant metric on S (γ AC γ CB = δ A B ). Clearly, the mean curvature vector is orthogonal to S and can be written in the form
are the traces of the null second fundamental forms, also called the (future) null expansions. We will be specially interested in surfaces in which H (: = 0) is null everywhere on S, keeping its causal orientation (future or past) and pointing consistently along one of two null directions l ± . These surfaces are called marginally (future or past) trapped surfaces (MTS) and satisfy either {θ + = 0, θ − ≤ 0} or {θ − = 0, θ + ≤ 0} for the future case (reverse inequalities for the past case). For concreteness, and unless stated otherwise, from now on we will tacitly assume that we are dealing with the first case when considering a MTS. We will also assume that the non-vanishing expansion is strictly negative for simplicity and to avoid unnecessary complications. The unique vector field dual to H in the plane orthogonal to S, called the dual expansion vector [17] [18], takes the form [19] (when S is compact and under some mild assumptions, this flow leads to the expression for the Hawking energy enclosed by S). In particular, in spherically symmetric spacetimes and when S is chosen to be a round sphere, * H is parallel to the Kodama vector [9] . For our purposes, it is enough to note that, for untrapped surfaces,ζ
defines on S the 4-velocity of privileged observers with respect to S, in the sense that they measure no expansion of S.
Tunneling
Let us now consider Hawking radiation according to the tunneling approach. Specifically, we will use the tunneling procedure called the Hamilton-Jacobi method [5] [8] that is based on the usual complex path method from the theory of semiclassical approximations. Briefly, in this method one considers the Klein-Gordon equation for the wave function Φ describing the massless particle that tunnels through the horizon. Then, the usual formal substitution Φ = exp(−iS/ ) is performed. By expanding S in powers of /i (S = S 0 + ( /i)S 1 + . . .) and neglecting the terms of order ( /i) and greater that arise in the Klein-Gordon equation, one obtains
that is to say, the Hamilton-Jacobi equation for the action S 0 corresponding to the massless particle. On the other hand, the action can be obtained by means of
where the integration follows a null geodesic path and one must use a well-behaved coordinate system describing the whole path from its initial point x 0 ∈ V to its final point x ∈ V. In this approximation, classically forbidden trajectories can be treated by letting the action acquire an imaginary part [20] [5] . For example, Quantum Mechanics tells us that the wave function just outside a barrier can be straightforwardly written as Φ out ∼ Φ in exp{−ImS 0 / } (where Φ in is the wave function at the barrier's entrance and ImS 0 is the imaginary part of the action with integration limits x α in and x α out ), so that the escape probability Γ of the particle will approximately be
By taking into account (3.2) one checks that this probability is coordinate independent, as expected. Among the classically forbidden situations in which S 0 acquires an imaginary part we can include the case of a particle tunneling through the event horizon of a black hole, what was first shown for the Schwarzschild black hole (see [5] [6]).
If we want to consider the Hamilton-Jacobi approach to describe Hawking radiation a clear justification of the used approximations is necessary. It is known that these approximations can only be justified if the tunneling massless particle has a high frequency. For the original Schwarzschild black hole and the tunneling of particles through its event horizon this is, indeed, the case: the external stationary observers associated with the Killing vector field ξ that becomes null at the horizon have a normalized 4-vector that we denote bŷ ξ (≡ ξ/ −ξ µ ξ µ ). These observers measure an energyÊ of a particle reaching them given byÊ
where E = −p α ξ α is the energy of the particle as measured by the stationary observers at infinity. Note that the expression above, and therefore the measured energyÊ, diverges as the stationary observer approaches the event horizon where ξ becomes a light-like vector. In other words, when a static observer at infinity observes a massless particle with energy E, no matter how small this could be, she must deduce that its energy after tunneling was very high and that, during its travel, its frequency has been redshifted by the effect of the gravitational field. As commented in the introduction, some steps have already been taken in order to generalize the tunneling methods beyond its original application to Schwarzschild black holes. In particular, the methods have been extended to spherically symmetric dynamical black hole solutions. The basic ingredient for this type of dynamical situations (see, for example, the review [8] ) was the replacement of the now absent static Killing vector by the Kodama vector K µ . This is utilized to define a Kodama "energy" ω ≡ −S 0,α K α that is assumed to be a finite and non-vanishing function thereby showing that the action of the particle acquires an imaginary part when traversing the hypersurface r = 2m, where m is the mass function [21] [22] and r is called the areal radius since the area of the round spheres is 4πr 2 . The hypersurface r = 2m is not, generally speaking, the event horizon, but the apparent 3-horizon (A3H), see e.g. [10] .
General invariant tunneling formalism
In what follows, we show that Hawking radiation can be associated with marginally trapped surfaces in general spacetimes. As we argued in section 2, for a general surface S in a general spacetime the generalization of the Kodama vector is (except for a non-zero multiplicative factor) the dual expansion vector * H. Consequently, by analogy we are going to assume that, in the general case, the invariantω
is finite and vanishing nowhere 3 .
Given any MTS S, consider a local foliation N (t) of the spacetime by pieces of spacelike hypersurfaces in such a way that, for a given value t 0 of t, our MTS S ⊂ N (t 0 ). Construct then a local tube foliated by spacelike surfaces S(t), each of them lying in one of the N (t) (S(t 0 ) ≡ S). In order to analyze the tunneling of massless particles across a point P ∈ S, the tube is further constrained so that it contains the null geodesic generated at P by the tangent vector l − normal to S(t 0 ) (see figure 1 ), and such that each S(t) has a negative (respectively positive) expansion θ + at their intersection with the null geodesic for t > t 0 (resp. for t < t 0 ).
As mentioned before, this is related to the outermost stability (or instability) of S [11, 12] . Define a local basis { l + , l − , e 1 , e 2 } along the null geodesic by letting l ± be the future null normals of the {S(t)} family and e 1,2 spacelike orthonormal tangent vector fields on each S(t). The metric tensor can then be written as
and the expressions (3.1) and (3.3) take, respectively, the form
By considering the above expressions as two simultaneous equations for l ±α S 0,α and by taking into account that θ − M T S = 0 and θ + M T S = 0 on the marginally trapped surfaces under consideration, equations (3.4) and (3.5) inform us that l −α S 0,α diverges as the particle crosses the MTS. Specifically, as the particle approaches the marginally trapped surface, S 0,µ behaves as −l
Hence, when a lightlike particle tunnels from a point on the interior ('In') of the MTS to a point on its exterior ('Out') one has
where we have introduced the 1-form l + ≡ l + α dx α and we have taken into account that the only term that contributes to the imaginary part of S 0 is the one diverging as the MTS is crossed -a fact that requires regularizing the integral according to Feynman's iprescription. Expression (3.6) can be rewritten in order to make its divergence on the MTS explicit by noticing that, as the null geodesic approaches the MTS, θ + M T S → 0 so that (3.4) and (3.5) lead to l −α S 0,α ≈ω/θ + and, thus,
With regard to the integration path, tunneling only occurs if the path of the particle across the point on the MTS is classically forbidden, what provide us with an imaginary part for the action. Or course, there are many classically allowed paths for light-like particles crossing any MTS, but then ImS 0 = 0 along that path and we will be simply dealing with a travelling particle rather than with a tunneling particle. The action S 0 will only acquire an imaginary part if the particle follows a non-classical path in order to cross the MTS. The natural directions to cross the MTS following a null path are those defined by the null vectors l ± normal to S, but only l − gives a non-zero result for the integral. Therefore, our prescription to evaluate (3.7) is to follow the direction defined by l − when the integral is evaluated around the point in the MTS. Of course, the validity of this prescription must be checked by the correctness of the results obtained through its use. Now, denote by λ the parameter along the integration path, and recall that l
Close to the point on the MTS θ
From this we can, for example, compute the exponential part of the semiclassical emission rate as
Observe that in the previous computations we have been using the approximation in which the Hamilton-Jacobi equation is applicable in order to describe a massless particle tunneling through a MTS. We will now justify that the particle has a high enough frequency to admit such a description. In order to see that this is, indeed, the case consider as an example a smooth normalized future-directed timelike vector field w along the trajectory of the tunneling particle and satisfying, as it approaches the MTS, lim w =ζ. We will consider this vector field as the 4-velocity of our fiducial observers along the trajectory. They will measure an energy for the particleÊ = −S 0,α w α and, in particular, according to (2.3), as the considered observer approaches the MTS
since, in this case, * H becomes a light-like vector. In this way, our fiducial observers outside the MTS will measure an energy for the emitted particle arbitrarily high as they approach the MTS. In generic situations, marginally trapped surfaces belong to marginally trapped tubes (actually, they belong to many such tubes! [13, 12, 10] ). 4 This implies that the region surrounding any given MTS is plagued with many other MTSs. According to our discussion, each of these MTS produces a certain amount of Hawking radiation. Of course, the radiation associated to any particular MTS will only be visible to those observers who enter, or come extremely close to, the causal future of the given MTS. In particular, to measure a portion of Hawking radiation at far-away asymptotic regions one needs to consider non-local properties of the space-time.
Surface gravity and temperature for compact MTS
In the case of a compact surface S we can define the vector
where A(S) stands for the area of the surface S. This vector does not only determines the direction of the Hamiltonian flow -as the dual expansion vector does (sect.2)-but it can be considered as the Hamiltonian flow for compact surfaces. In particular, in spherically symmetric spacetimes and when S is chosen to be a round 2-sphere, ζ coincides with the Kodama vector [9] . This is why ζ can be considered as a generalization of the Kodama vector for compact surfaces in general spacetimes. For a given massless particle one can define the quantity
which has dimensions of energy. We will call it the effective energy of the particle. It is, in fact, a regularized energy since it is straightforwardly related to the energy measured by our preferred observers (2.3); however, it does not diverge on the MTS. On the other hand, the Hamilton-Jacobi equation (3.1) inform us that dS is lightlike. In this way, for untrapped surfaces ( * H timelike) the effective energy can only be positive. However, for trapped surfaces ( * H spacelike) both positive and negative values of ω are allowed for the particle. This is a crucial fact for the interpretation of the tunneling since it permits a virtual pair of particles to become real when, after the tunneling occurs, on one side of the MTS the ω > 0 particle is allowed to cross a family of untrapped surfaces S(t) while, on the other side, the ω < 0 particle travels through a family of trapped surfaces. Since the emission rate for a static black hole takes the form Γ ∼ exp(−2πE/κ M T S ), where κ is the surface gravity of the horizon, this suggests rewriting the general emission rate for the case of compact marginally trapped surfaces as
can be considered as the effective surface gravity associated with a compact (future) MTS included in the family of chosen surfaces S(t). 5 Important properties of this quantity are that it is geometrically invariant as well as independent of the parametrization of l ± . This last property follows from the vanishing of θ + on the MTS. 6 It is also remarkable that this fact is a direct consequence of our previous selected prescription for the integration path, a fact that reinforces this choice. Moreover, if our interpretation above of the tunneling phenomenon is correct the tunneling particle with ω < 0 should tunnel the (future) MTS following an ingoing integration path with tangent vector l − . During its trajectory a family of surfaces S(t) are traversed with expansion that are first positive, then zero and finally negative resulting in κ ≥ 0: a very desirable result. The existence of an effective surface gravity suggests the existence of a Temperature for the MTS. (However, care must be taken in the following comments since probably this would be more appropriate if the MTS is part of a marginally trapped tube with slowly varying effective surface gravity, see in this respect [24, 25] ). In the general case of thermal emission the emission rate can be written as Γ ∼ exp(−E/T ), where E is the energy of the emitted particle and T is the temperature of the radiation. This clearly suggests defining an effective temperature of the compact MTS for the chosen family of surfaces {S(t)} as
Some particular cases of the expression (3.10) have been already found by different means and are well-known. For example, when the surfaces are round spheres in the Schwarzschild spacetime it gives the correct expected surface gravity for the horizon (κ = (4M ) −1 , where M is the mass of the black hole), usually obtained by using its timelike Killing vector χ and χ β ∇ β χ α = κχ α on the horizon [26] . Similarly, a definition of surface gravity valid only for spherically symmetric spacetimes was put forward by Hayward in [27] using the Kodama vector K and K β ∇ [β K α] = −κK α . For this case, i.e. when we particularize our κ for MTSs that are round spheres in spherically symmetric spacetimes, our expression also coincides with Hayward's expression 7 .
5 One can trivially rewrite this for the case of past MTS. See subsection 4.3, expression (4.13). 6 Of course, formula (3.10) is correct for l ± subject to the normalization condition (2.1). If one insists in letting the parametrization of l ± free, the minus sign in Eq. 
Some examples
In this section we use our formalism to compute Hawking radiation in some spacetimes possessing marginally trapped surfaces. Some of them are already well known but are included simply to check the formalism and for comparison, while other examples are treated here for the first time.
Dynamical Spherically Symmetric Black Hole
The general spherically symmetric metric in advanced Eddington-Filkenstein coordinates takes the form
where β = β(u, r) and m = m(u, r). If we want to describe Hawking radiation associated with the family of round spheres we have to consider the null vector fields normal to them, i.e., the radial null vectors that can be written as
The expansion corresponding to the outgoing null geodesics takes the expression
confirming that, as is well-known, a round sphere (defined by constant values of u and r) in which r = 2m is a MTS so that the hypersurface r = 2m defines the apparent 3-horizon A3H. Note that the metric (4.1) is not singular on A3H, so that the used coordinates are a good choice (although not at all unique) for describing the tunneling of particles through marginally trapped round spheres.
Since we are dealing with compact round spheres we can compute the effective surface gravity along the A3H as
where m stands for the partial derivative of m with respect to r. Therefore, the emission rate satisfies
where now ω A3H is the value of ω on the A3H (which in this dynamical case is not a constant, but depends on the specific marginally trapped round sphere on the A3H we are considering). It is also clear that the effective temperature takes the form
We would like to remark that this cannot be the temperature of the MTSs along the A3H as measured by arbitrary observers, not even for preferred observers on the round spheres.
If one wants to know the temperature of the MTS as measured by some observer, we must first define the specific observer and study the geodesics that transport the emitted Hawking radiation up to her. To exemplify this and in order to compare with well-known results, let us obtain the temperature as measured by a static observer at infinity in the Schwarzschild black hole in which m = M is a constant and β = 0. This is the simplest case since the existence of the Killing vector ξ = ∂ u and the associated constant of motion for geodesics E = −S 0,α ξ α = −S 0,u (corresponding to the energy of the radiation as measured by static observers at infinity) makes unnecessary any further work with the geodesics. At infinity, ω = E so that, from (4.3), Γ ∼ exp (−8πM E) , (4.4) which can be compared with the emission rate, in case of thermal emission, as measured from infinity Γ ∼ exp(−E/T ) in order to deduce that a static observer at infinity would measure a temperature for the emitted radiation
This corresponds with the standard result by Hawking and, for this case, also with our effective temperature. A simple dynamical model representing the generation of a black hole and its later evaporation can be described by considering the collapse of incoherent radiation and using the Vaidya solution in advanced coordinates -what corresponds to the case {β = 0, m = M (u)}. A particular case for a specific M (u) has been drawn in figure 2. We could now calculate the temperature for round spheres on the A3H as measured by specific observers in this spacetime, however we have drawn this figure with a different goal. Specifically, our aim is to remind the reader that other (non-spherically symmetric) MTS exist in this spacetime. In particular, the results in [14] [10] (and references therein) suggest that, depending on the specific evolution of the mass function, there may exist compact MTSs reaching some regions of the Minkowskian grey region M. Our results in subsection 3.1 would imply that there should be an effective surface gravity, an effective temperature and radiation also associated with these MTSs reaching the Minkowskian region. Furthermore, a perturbation argument in [10] demonstrates that there are MTSs intersecting both sides of the A3H in every zone where the A3H is not null. All these MTSs will produce a certain amount of Hawking radiation. The question of which part of this radiation will eventually be seen at future null infinity depends on the specific model, and on how close to the event horizon the MTSs are. Note that in the previous literature on Hawking radiation only round spheres had been considered.
Kerr-Vaidya Black Hole
Let us now analyze a dynamical non-spherically symmetric case of possible astrophysical relevance: The Kerr-Vaidya solution. Its metric can be written in advanced EddingtonFinkelstein-like coordinates as:
where ρ 2 ≡ r 2 + a 2 cos 2 ϑ and ∆ = ∆(u, R) ≡ r 2 − 2rM (u) + a 2 . This solution represents a rotating black hole in the presence of a collapsing null fluid and it becomes the stationary Kerr solution when
We are going to analyze the possibility of Hawking radiation associated with the surfaces S given by constant values of the coordinates u and r. Two lightlike vectors normals to these surfaces and satisfying l
which are also the principal null directions in this Petrov type-D solution. The expansion corresponding to these outgoing null geodesics is
From this expression we deduce that the chosen surfaces S are marginally trapped when ∆ = 0. In other words, provided that M 2 (u) > a 2 , for every value of the coordinate u there are two MTS defined by the values of the coordinate r Figure 2 : An example of a (semiclassical) dynamical black hole which is generated by the implosion of external radiation and eventually evaporates. Hawking radiation can be associated with the A3H (r = 2M (u); solid line), but also with MTS in the spacetime. Thus, for example, we expect Hawking radiation to be generated and to travel through some regions of the Minkowskian grey region M. Of course, we also expect Hawking radiation traveling towards the future null infinity -thus causing the evaporation of the black hole.
On the other hand, the dual expansion vector field takes the form
For concreteness, we will focus on Hawking radiation from the outer r H + MTS (although one can proceed in a similar manner for the inner r H − MTS). Since the surfaces defined by constant values of u and r are compact, using (3.10) we can write the effective surface gravity associated with these MTSs as
where the subscript in ρ 2 H + indicates that the quantity is evaluated on r H + and we have used that the area of the MTS is A(S H + ) = 4π(r
The emission rate will then satisfy
(4.8)
Obtaining the effective temperature is straightforward by using the previous results. However, if we now want to compute the temperature associated with the Hawking radiation as measured by an observer we should define the specific observer and the function M (u). This will give us the necessary information about the radiation reaching the observer through the equations for the null geodesics. In order to exemplify the procedure, let us now treat the simplest case in which M (u) = M =constant, which will also allow us to compare with previous known results for the Kerr solution. It is indeed the simplest case since both ξ u ≡ ∂/∂u and ξ ϕ ≡ ∂/∂ϕ are then Killing vectors providing two constants of motion along the null geodesics
that makes unnecessary any further work with the geodesics. With regard to the choice of observer, previous results (see, for example, [26] ) have been obtained for the preferred observer with 4-velocity parallel to the Killing vector
where
is the (constant) angular velocity of the horizon. Note that these are not the preferred observers associated with our family of surfaces for which the computations had been carried out. The observers associated with this Killing vector measure an energy for the particles arriving at infinity
By using the definition (3.9) of ω together with (4.7) and (4.9) we get
The emission rate in case of thermal emission as measured by one of our observers at infinity would be Γ ∼ exp(−E/T ) that has to be compared with (4.8) . With the help of (4.10) and (4.11) this implies that the temperature measured by our observers at infinity would be
what agrees with the results in the literature.
Cosmological LRS Bianchi I Horizon
As a final example, consider now a cosmological situation, given by the following locally rotationally symmetric (LRS) Bianchi I spacetimes
where a(t) and b(t) are arbitrary functions of the cosmological time t. The particular case a = b is obviously the spatially flat Robertson-walker model with scale factor a(t). Consider now the following change of coordinates r = x 2 + y 2 + z 2 , tan ϑ = x 2 + y 2 z , tan ϕ = y x which brings the metric to the form
and the family of compact 2-dimensional surfaces defined by constant values of t = t 0 and r = r 0 . A moderately long but straightforward calculation (using for instance the formulas in [28] ) leads to the following expression for the mean curvature one-form
from where, together with the expressions for the two null vector fields orthogonal to the family
one can readily get the two null expansions on each S t 0 ,r 0
Assume then that there is a slice t = t 0 such that
Then, by choosing r 0 such that
the surface t = t 0 and r = r 0 is marginally trapped, future (past) trapped if the Universe is contracting (expanding) at t 0 . This is not surprising, as the Universe is instantaneously RW at t 0 and the surface is then a typical MTS, observe however that the functions a(t) and b(t) are fully arbitrary, apart from (4.12). One can also check that in the immediate neighborhood of this MTS there are trapped and untrapped surfaces in the chosen family. In order to analyze the instantaneous emission of Hawking radiation from such MTS and for concreteness, let us consider the case of a Universe expanding at t 0 (the contracting case can be computed similarly), what implies that θ + M T S > 0 and θ − M T S = 0. Note that with this choice, contrarily to the previous examples, we will be dealing with a marginally past trapped surface. Only for this example, we will not rename the above quantities (i.e., change the superscripts '+'↔'-') to emphasize this fact. Another important difference in this case is that a negative-ω particle tunneling the MTS passes from an interior region with θ − < 0 to an exterior region with θ − > 0. In this way, the sign changes in (3.8) so that, for the case of marginally past trapped surfaces is convenient to define the effective surface gravity as
For our particular case we have
Therefore, the corresponding emission rate will be
Note that, as previously mentioned, if the cosmological solution satisfied a(t) = b(t), we would be dealing with the particular case of a flat Robertson-Walker solution in which case
on the marginally trapped tube defined by r = |ȧ| −1 . This expression coincides with previously found results for the general RW solutions -which had been already treated in the literature due to its spherical symmetry (around every point), what had allowed the use of the Kodama vector approach (see [8] ). Notice that expression (4.14) coincides with the RW previous formula at the north and south poles (θ = 0, π) of the closed MTS exclusively, and it is different from that at any other point (wheneverb(t 0 ) =ä(t 0 )). Following the procedure explained in the previous examples we can now, for example, find the temperature that an observer co-moving with the cosmological fluid at r = 0 would measure for the Hawking radiation. Taking into account that this observer measures an energy for the particles E = −S 0,t = ω, the straightforward result is that, in the case of the de Sitter space, this temperature takes the form
where H ≡ȧ/a. This is a well-known result obtained in the literature by using many different approaches. However, in a general RW spacetimeḢ plays an active role in the measured temperature since we get
Conclusions
In this paper we have presented a general invariant formalism for the computation of Hawking radiation. We have shown that the radiation can be associated with general marginally trapped surfaces belonging to general spacetimes. In the process, a definition of effective surface gravity for compact MTS has naturally arisen. Our approach requires the definition of a family of surfaces {S(t)} with respect to which the computations are carried out. In other words, there is a family of privileged observers (associated with the untrapped surfaces of the family) with 4-velocity directed in the direction of the dual expansion vector * H with respect to whom one defines the effective magnitudes related to the phenomenon. Each of these observers sees her corresponding {S(t)} as non-expanding.
We have checked our formalism with examples of astrophysical relevance by analyzing the dynamical spherically symmetric solutions as well as the non-spherically symmetric Kerr-Vaidya solution. We have also checked the formalism with a cosmological example represented by a locally rotationally symmetric Bianchi I solution. In this way, we have been able to see, in practice, that the formalism reproduces previously known results and that it allows us to obtain the physical magnitudes associated with Hawking radiation for new cases and, ultimately, in the general case.
Some authors had previously considered stationary and/or dynamical spherically symmetric spacetimes and had associated Hawking radiation with marginally trapped round spheres on A3H (and thus having r = 2m). However, in spherically symmetric situations other non-spherically symmetric marginally trapped surfaces do exist with points satisfying r > 2m [10] . Moreover, in some cases an observer could cross a marginally trapped surface at a point in which the mass function vanishes, even with her entire causal past being a piece of flat Minkowski spacetime [14] . Consider, for example, the case of imploding radiation in figure 2. According to our results an observer crossing the region M could detect Hawking radiation even before the black hole has formed. This would be surprising if one identifies the tunneling horizon with r = 2m, but it is not if one considers the existence of general non-spherical MTS in the region and that they are endowed with "clairvoyance" [14] [10] .
Note finally that we have thoroughly neglected the back-reaction of the spacetime to the emission of radiation. In fact, we were forced to proceed in this way since only in transitions from spherically symmetric configurations to spherically symmetric configurations back-reaction can be easily and reliably computed due to the absence of gravitational radiation. Nevertheless, this does not seem a cause for concern since neglecting back-reaction is an usual approximation which one expects to be correct in astrophysical situations where closed trapped surfaces exist and whenever their enclosed Hawking energy is of astrophysical proportions so that they are far from their 'total evaporation'. However, one should be aware that there are probably some interesting features that we are missing by being unable to consider back-reaction. For example, there could be small deviations from the thermal spectrum if the back-reaction could be taken into account. This has been shown for the simpler case of the tunneling through the spherically symmetric horizon in the Schwarzschild black hole solution [6] . Moreover, back-reaction could take an important role in understanding the nature of the tunneling mechanism and its relationship with the standard phenomenon of tunneling through a barrier in quantum mechanics [29] .
